We use the nuclear spin coherence of 31 P donors in 28 Si to determine flip-flop rates of donor electron spins. Isotopically purified 28 Si crystals minimize the number of 29 Si flip-flops, and measurements at 1.7 K suppress electron spin relaxation. The crystals have donor concentrations ranging from 1.2 × 10 14 to 3.3 × 10 15 P/cm 3 , allowing us to detect how electron flip-flop rates change with donor density. We also simulate how electron spin flip-flops can cause nuclear spin decoherence.
idealized scenarios, 4, 5 but in practice inhomogeneous broadening from other mechanisms can obscure their calculation or measurement. 1, [5] [6] [7] For flip-flops of 31 P donor electron spins in silicon, measurements of their rates have previously required the use of magnetic field gradients 1,7 in combination with multiple sets of Hahn echo decays. Here we demonstrate how Electron-Nuclear Double Resonance (ENDOR) experiments may be used to determine electron spin flip-flop rates without the use of such gradients. We also demonstrate how to combine these experiments with simulations to determine local (∼ 1 µm scale) inhomogeneous linewidths within crystals and find that they are narrower than global inhomogeneity across the sample volumes.
We measure electron spin flip-flop rates using nuclear Hahn echo decays in 28 Si crystals with 31 P donor concentrations ranging from 1.2 × 10 14 to 3.3 × 10 15 P/cm 3 . We show that our experiments are not impacted by other known, previously measured decoherence mechanisms. [8] [9] [10] We then compare these results to simulations using a model of nuclear spins experiencing decoherence from electron spin flip-flops. Our comparison yields excellent agreement for our crystals with the two highest donor densities. Decoherence in the two lower density crystals is evidently dominated by other, unknown mechanisms. One possible mechanism is electric field fluctuations, and we can set an upper bound on the magnitude of the field fluctuations in our bulk silicon crystals.
II. EXPERIMENTAL METHODS
Experiments are carried out in a ∼0.335 Tesla magnetic field. Each measurement begins by applying a preparation sequence of microwave and rf pulses that creates a coherence on the electron spins of the donors, and then transfers this coherence from the electron spins to the nuclear spins. 8 The nuclear spins evolve freely for a time τ , are refocused by 3
III. EXPERIMENTAL RESULTS
Measurements of nuclear echo decays for each of the crystals are plotted in blue in Fig. 1 . More heavily doped samples have faster echo decays than lightly doped samples, and the shape of the echo decays also varies with donor concentration. We first fit (red dashes) the echo decays to the function:
where 2τ is the total time of the Hahn echo experiment, T 2 describes the time to decay to a value of 1/e, and n is a stretch factor describing the shape of the decay. This function is often associated with various spectral diffusion decoherence mechanisms, though here we use it because it is convenient for fitting our decay data. In addition, simulations of Hahn echo decays using our flip-flop model, described in Section IV, are plotted as green diamonds in Fig. 1 . The dependence of n on phosphorus density as extracted from the fits is plotted as red squares in Fig. 2 , which starts at ∼ 0.6 at the highest donor density and increases to ∼ 1.1 as the donor density decreases. We also fit the simulated decays using Eq. 1 and consistently find n ∼ 0.6 for all densities (plotted in green diamonds in Fig. 2 ).
IV. THEORY
Here we describe the physics behind our results, first showing how nuclear spin coherence is affected by electron spin flip-flops between a pair of donors and then extending that example to a large-scale model of many donors in a uniformly doped crystal. The Hamiltonian for a pair of donors, each with spin-1/2 electron and nuclear spins, is given by:
where H Z contains the Zeeman terms, H A contains the hyperfine interactions of the donor electrons and their nuclear spins, H dd is the electron dipole-dipole interaction, S Zi and I Zi are the spin-1/2 operators for the electron and nuclear spins, respectively, for donor i, ω e,i and ω n,i are the Zeeman frequencies of donor i's electron and nuclear spins, ω A,i
is the hyperfine coupling between the nuclear and electron spins of donor i, ω dd is the dipole-dipole coupling between the electron spins of the two donors, and S donor i. For two donors with the same nuclear spin state but opposite electron spin orientations, the two electron spins can swap states without changing the energy of the system. The term S
in the electron spin dipole-dipole interaction H dd leads to these flip-flops. The dipole-dipole coupling factor, ω dd , is given by:
where ζ = γ i γ j µ 0 /4π, γ i and γ j are the gyromagnetic ratios of two electrons, µ 0 the vacuum permeability, the reduced Planck constant, r the distance between donors in the pair, and θ the angle of the vector connecting the donors relative to the global magnetic field, B 0 .
The evolution of a pair of donors is key to understanding our experiments. As a specific example we consider a pair of donors after our preparation pulses are applied, with one donor in the nuclear spin superposition state
and the other donor in the pure state |↓⇓ (neglecting an inconsequential phase from the preparation pulses). Here we use the notation of spin ↑ and ↓ for electron spin states and ⇑ and ⇓ for nuclear spin states. We write the combined state of the donors using the convention |donor 1, donor 2 as
(|↑⇑, ↓⇓ + i|↑⇓, ↓⇓ ). For simplicity we assume both donors have the same hyperfine coupling (ω A,i = ω A,j ) and nuclear spin Zeeman frequencies (ω n,i = ω n,j ). In the absence of dipole-dipole interactions (ω dd = 0), the Hahn echo experiment evolves the initial ψ 0 state to ψ τ after time τ , then to ψ τ π after a π rotation on the nuclear spins for donors with electron spin ↑, and then finally to ψ τ πτ following another time τ when an echo signal is formed. These states are:
where δω e = ω e,i − ω e,j is the difference in electron Zeeman frequencies between the two donors, the double brackets highlight an inconsequential global phase C, and ψ * 0 is the transformation of ψ 0 due to the nuclear spin π rotation.
Thus, at the end of the sequence nuclear coherence is fully recovered.
The evolution is more complicated when ω dd = 0. During the first τ period, one half of the pair state (|↑⇑, ↓⇓ )
accumulates a global phase while the other half (|↑⇓, ↓⇓ ) is involved in an electron spin flip-flop, resulting in the state ψ dd τ :
where amplitudes p 1 and p 2 of the flip-flopping states are defined as: 
where double brackets in ψ consists of two parts: one with nuclear coherence recovered in the original state ψ * 0 with probability |p 1 | 2 and the other with nuclear coherence transferred to the second donor by flip-flops (ψ f f ) with probability |p 2 | 2 . The nuclear coherence that moves to the second donor accumulates an additional phase e −iτ δωe . In ensemble experiments inhomogeneous broadening results in a broad distribution of the detuning δω e between donors and therefore a broad distribution of the added phase e −iτ δωe . When averaged over an ensemble this distribution results in irreversible decay of the collective nuclear coherence of flip-flopping donor pairs.
The above example (Eqs. 5-7) illustrates the complexity of nuclear spin coherence evolution in the case of an isolated donor pair. The situation is even more complicated in randomly doped crystals where isolated pairs are rare and each donor can simultaneously interact with many other donors. Nuclear spin coherence initially localized on one donor may spread to many donors through flip-flops during the free evolution periods before and after the π rotation. This results in irreversible diffusion of spin coherence to other donors and irreversible spin decoherence from the random phases e −iτ δωe acquired on those other donors.
The evolution of a random multi-donor system is intractable, so we need a different approach. As demonstrated above, any flip-flops a donor's electron spin participates in will irreversibly destroy that donor's nuclear spin coherence.
Therefore when calculating nuclear spin coherence it is sufficient to track whether a donor's electron spin engages in a flip-flop event rather than trying to monitor the phase of every spin in a crystal. Bloembergen 4 demonstrated a procedure to model such flip-flop events semiclassically with Γ i,j , the probability per unit time that electron spins i and j flip-flop. This rate is given by:
where f (0) is the value at 0 Hz of the distribution f (δω e ) of spin detuning between electron spins in donor pairs.
This detuning distribution arises from inhomogeneous broadening of Zeeman frequencies of individual spins in donor ensembles. Inhomogeneous broadening can be caused by magnetic fields from defects with magnetic moments, random strain effects in the crystal, and inhomogeneities in B 0 . In our calculations we assume a Gaussian shape for f (δω e ). is much smaller than the width ( √ 2∆ω) of f (δω e ).
Our simulation starts with a number of donors (typically 70 were enough for convergence) randomly distributed in a volume. The size of the volume is set by the donor density of the crystal to simulate. Although our preparation pulse sequence is intended to create a nuclear coherence on a subset of donors in a crystal, the sequence also affects other donors. The four thermal equilibrium donor states |↓⇓ , |↑⇓ , |↓⇑ , and |↑⇑ become the four states (1/ √ 2)(|↑⇑ + i|↑⇓ ), (1/ √ 2)(|↑⇑ − i|↑⇓ ), |↓⇑ , and −|↓⇓ , respectively. Only the first two states have the intended nuclear spin coherence for our experiments. The other two states participate in flip-flops that can decohere the first two states as described above. At our temperature (1.7 K), each of the states occurs with essentially equal probability, and so the donors in our model each start in one of these states at random.
As shown in Eqs. 5-7, during any given free evolution only part of the nuclear spin superposition may be capable of flip-flops. Therefore we must separately record the probabilities for each donor's electron and nuclear spin states at all times, representing each donor in our simulation with four variables: one for each spin state's probability. We assume no errors in our pulses, and model π pulses on nuclear spins by swapping the probabilities of states with electron spin up for each donor. After free evolution for a number of time steps corresponding to a total time τ , a π pulse applied to the nuclear spins, and another free evolution for time τ , the donors initially in the (1/ √ 2)(|↑⇑ +i|↑⇓ )
state that have not engaged in electron spin flip-flops produce a Hahn echo. Of these donors, only the center-most spin is counted. By averaging over many iterations and varying τ , we obtain simulated nuclear echo decays.
In the above procedure we only account for decoherence from so-called direct flip-flops 15 (involving a central donor j and one neighbor donor i), ignoring any effect from indirect flip-flops (involving two neighbor donors i and i ).
Indirect flip-flops 15 have little effect on nuclear spins. 13, 16 These indirect processes were previously shown to limit the central donor's electron spin coherence to ∼ 1 s in a lightly doped (1.2 × 10 14 P/cm 3 ) sample. 1 However, the gyromagnetic ratio of a donor's nuclear spin is three orders of magnitude smaller than the gyromagnetic ratio of the electron spin, so these indirect flip-flops can only limit nuclear spin coherence in our crystals on timescales of 100's to 1000's of seconds. All nuclear T 2 's measured in this work were under 10 seconds and therefore must be limited by processes other than indirect flip-flops.
V. DISCUSSION
Simulated echo decays from our model in section IV are shown as green diamonds in Fig. 1 alongside the measured decays for each crystal. Our simulations produce stretched exponential echo decays, with n = 0.6 at all donor densities, as shown in Fig. 2 . The inhomogeneous ∆ω widths used in these simulations, from highest to lowest density crystals, are 105 kHz, 70 kHz, 35 kHz, and 5 kHz. Agreement between model and experiment is reasonable for the two higher density samples, but poor for the two lower density samples. The consistent 0.6 stretch factor in modeled decays but not in the experimental data suggests refitting the data to a form appropriate for two independent processes:
where T 2f f is the decoherence time from direct flip-flops, and T 2a is the decoherence time from other (unknown)
interactions. The T 2a term introduces a simple exponential decay of the echo. T 2f f and T 2a times extracted from fits to this form are plotted in Fig. 4 . The T 2f f times are consistent with an inverse squared donor density dependence (T 2f f ∼ 1/ 31 P 2 ) expected from Eq. 8 when f (0) and ∆ω are independent of donor concentration. Our model can match the T 2f f decay times for the two higher density crystals by using ∆ω = 100 kHz for each crystal, consistent with this assumption.
The flip-flop rates in our two higher density crystals, calculated as 1/T 2f f , are ∼2.7 Hz and ∼270 mHz for the 3.3 × 10 15 P/cm 3 and 1.2 × 10 15 P/cm 3 crystals, respectively. In comparison, our lowest density sample (1.2 × 10 14 P/cm 3 )
was previously estimated to have a 1.3 Hz flip-flop rate based on electron spin echo decays with and without an applied field gradient.
1 The extracted T 2a from fitting Eq. 9 to the nuclear echo decay of that crystal suggests that those previous electron spin measurements may have been influenced by another decoherence mechanism, casting doubt on the 1.3 Hz estimate. Assuming a squared density dependence of 1/T 2f f based on Eq. 8 and the same ∆ω in our highest and lowest density crystals, we now predict a 3 mHz flip-flop rate for the 1.2 × 10 14 P/cm 3 sample. Different ∆ω widths will inversely scale this predicted rate.
For very small ∆ω, which occurs in the limit of broadening only from dipole-dipole interactions between donors (for 1. Si epilayer with 10 16 P/cm 3 . Dikarov's sample had a higher donor density than in our crystals (increasing the flip-flop rate), but the strain broadening in epilayers is larger (decreasing the flip-flop rate), so it is difficult to make a quantitative comparison. Our ENDOR method benefits from experimental simplicity, requiring only one echo decay measurement and no accurate external field gradients, but it is limited to samples in which flip-flops are the dominant decoherence mechanism (i.e. T 2a T 2f f ).
For the highest density sample (3.3 × 10 15 P/cm 3 ), where direct flip-flops are the dominant source of decoherence, our model reveals a local (∼ 1 µm scale, since flip-flops at larger distances are too slow) electron Zeeman frequency distribution with ∆ω = 100 kHz. In comparison, we can extract a 180 kHz inhomogeneous linewidth from the free induction decay of this sample. The free induction decay measures spins throughout the entire crystal, so it is not surprising that fitting it yields a wider distribution than our model predicts. This wider global distribution can differ from local frequency distributions due to variations in strain or defect density as well as long-range field inhomogeneity.
We also considered how 29 Si atoms 9,16 and local field inhomogeneity (∼100 nm scale) in our magnet could broaden electron spin resonance lines, but neither of these mechanisms contribute more than ∼ 2 kHz to the linewidth.
The fitted T 2a times exhibit an approximate inverse square root density dependence (T 2a ∼ 1/ 31 P 0.5 ). We currently do not know the origin of T 2a , but it dominates the decays of the lower density crystals in Fig. 1 . In the two lowest density crystals, T 2a prevents us from explicitly determining T 2f f , and in the 1.2 × 10 15 P/cm 3 crystal T 2a is comparable to T 2f f . One possible source of T 2a is electric field noise causing fluctuating Stark shifts of the donor nuclear spins. Fluctuating electric fields could arise from donor-acceptor pair recombination, since impurities are neutralized by the optical pulses used to thermalize spins between measurements.
We can use the nuclear T 2a in our lowest density sample to place an upper bound on other possible decoherence mechanisms within the crystal. This bound can be determined by treating the Hahn echo experiment as a filter function and passing a given noise spectrum through it. 18 The purely exponential decay we measure suggests using a white noise distribution with amplitude ν. For T 2a = 8.2 s we find ν = 0.04 s −1 . Recent measurements of the hyperfine Stark parameter 19 let us translate this bound into a limit on possible electric fields from charge fluctuations.
The linear Stark shift from charge noise is given by 19 df = η a aE strain E noise / , where η a is the hyperfine Stark parameter (−2.7×10 −3 µm 2 /V 2 ), 19 a is the hyperfine coupling constant, E strain is the equivalent electric field from strain (60 mV/µm assuming the crystal's 1 kHz ENDOR linewidths come from strain), and E noise is the electric field from charge noise. We then take df to be equal to the root-mean-square (RMS) of the noise up to a high frequency cut-off, ω c , and solve for the corresponding electric field. A recent study on detuning noise in a Si/SiGe singlet-triplet qubit 20 measured a pink noise spectrum of the form α 0 /ω 0.7 with α 0 = 47 ns −1.7 . In that study, ω c =1/1700 ns which gives an RMS value of 5.7 µeV. Assuming a spacing of 100 nm between quantum dots, the corresponding RMS electric field between the dots is 57 µV/µm. For our measured white noise spectrum, the RMS value calculated for the same ω c as in the dot study gives an upper limit of the electric field fluctuations of 2 µV/µm. The ∼ 30× difference between these measurements is not surprising since charge fluctuations near a surface in the singlet-triplet device are expected to be larger than those in the bulk of a high quality silicon crystal.
In conclusion, we demonstrate that donor electron flip-flop rates can be directly measured through donor nuclear spin echo decays. Electron spin flip-flops are a prominent cause of decoherence of neutral 31 P donor nuclear spins in moderately doped (> 10 15 P/cm 3 ) 28 Si crystals. These flip-flops result in the stretched exponential decay of nuclear spin Hahn echoes. The rate of this decay is quadratic in donor density, as expected for electron spin flip-flops with a density-independent linewidth. The local distributions of electron Zeeman frequencies control which electron spins can flip-flop. These local distributions are on the order of 100 kHz wide; about half as wide as distributions of electron spin resonance frequencies measured across entire crystals. In more lightly doped crystals (< 10 15 P/cm 3 ), nuclear spin echoes decay with a simple exponential and rates approximately vary as the square root of donor density.
The physical mechanism of the nuclear decoherence in these lowest density 28 Si crystals is not yet known, but an approximate upper bound of E = 2 µV/µm can be placed on the RMS value of electric field noise in the lowest density crystal over a frequency range up to ∼ 100 kHz, which is ∼ 30× less than the electric field noise recently measured in a Si/SiGe quantum device. 
